It is shown that detailed and accurate information about the mass spectrum of the massive Schwinger model can be obtained using the technique of strong-coupling series expansions. Extended strong-coupling series for the energy eigenvalues are calculated, and extrapolated to the continuum limit by means of integrated differential approximants, which are matched onto a weak-coupling expansion. The numerical estimates are compared with exact results, and with finite-lattice results calculated for an equivalent lattice spin model with long-range interactions. Both the heavy fermion and the light fermion limits of the model are explored in some detail.
I. INTRODUCTION
The Schwinger model [1, 2] , or quantum electrodynamics in two space-time dimensions, has been a source of continuing interest over the years. It is a fascinating model in its own right, and also exhibits many of the same phenomena as QCD, such as confinement, chiral symmetry breaking with a U(1) axial anomaly, and a topological θ-vacuum [3] [4] [5] . It is also perhaps the simplest non-trivial gauge theory, and this makes it a standard test-bed for the trial of new techniques for the study of QCD.
Our main purpose in this paper is to explore the usefulness of the strong-coupling series approach to this model. It is well known that Euclidean Monte Carlo techniques have proved difficult and expensive to apply to models with dynamical fermions, because of the infamous "minus sign" problem; and thus, it seems worthwhile to ask whether other techniques such as strong-coupling expansions can give useful information in such cases. Modern linked-cluster techniques [6] allow one to carry these expansions to very high order. We are particularly interested to see if the series approach can describe the non-relativistic or heavy fermion limit of these models.
As a first test, we apply the approach to the Schwinger model, using a Hamiltonian lattice framework [7] . We concentrate on a calculation of the spectrum of bound states, more specifically the lowest two bound states, for the case of the massive Schwinger model. It will be shown that the series approach can give quite detailed and accurate information on the spectrum. It will be interesting to see if a similar approach is useful for models in higher dimensions.
Hamiltonian strong-coupling series were first calculated for the Schwinger model long ago by Banks, Kogut and Susskind [7] , and were extended by Carroll et al. [8] . Since then, however, the method has fallen into abeyance, being eclipsed by the power and accuracy of the Monte Carlo method.
Many other approaches have been made to the bound-state spectrum. In the massless case, of course, the model is exactly solvable, as shown by Schwinger [1, 2] . It is equivalent to a theory of free, massive bosons. For small fermion mass, one may perturb about the zero-mass limit, and obtain a low-mass expansion for the spectrum [8] . This expansion has recently been carried to second order by Vary et al. [9] and Adam [10] . In the large mass or non-relativistic limit the "positronium" bound states can be solved in terms of a Schrödinger equation with a linear Coulomb potential [11] . For fixed, finite fermion mass, one has to resort to numerical techniques. A quite accurate variational calculation in the infinite momentum frame was performed by Bergknoff [12] . Finite-lattice Hamiltonian calculation were performed by Crewther and Hamer [13] and Irving and Thomas [14] : we include some further finite-lattice calculations in this paper, mainly as a check on the series results. Later on Eller, Pauli and Brodsky [15] applied a "discrete light-cone quantization" (DLCQ) approach to the problem, and showed that it gave quite good results, not only for the lowest state, but for a whole range of higher excited states. Mo and Perry [16] have used a different light-front field theory approach, together with a Tamm-Dancoff approximation, which appears to give excellent results. Tomachi and Fujita [17] have used a "Bogoliubov transformation method", which works quite well for small fermion masses.
In Section 2 of the paper the Hamiltonian lattice formulation of the model is reviewed, and the known analytic results on the bound-state spectrum are recalled. It is shown that for free boundary conditions the gauge degrees of freedom can be eliminated entirely from the lattice model, leading to an equivalent spin lattice model with long-range interactions. This is the formulation which we use to carry out the finite-lattice calculations.
Section 3 presents the numerical results. Their extrapolation to the continuum limit is discussed, and expansions near both the low-mass limit and the non-relativistic limit are analyzed. The numerical results are compared with previous approaches. Finally our conclusions are summarized in Section 4.
II. FORMALISM A. Continuum Formulation
The continuum Lagrangian density takes the standard form
where
and the Lorentz indices µ, ν = 0 or 1. The coupling g in (1+1) dimensions has the dimensions of mass. Choosing the timelike axial gauge
the Hamiltonian is found to be
where the electric field E has only one component in one spatial dimension:
The remaining gauge component is not an independent degree of freedom, but can be eliminated if desired, using the constraint provided by the equation of motion (Gauss' law):
In the massless case, the theory has been solved by Schwinger [1, 2] , and becomes equivalent to a theory of free, massive bosons, with mass
For small electron mass m/g, one can obtain analytic estimates by perturbing about the massless limit. Caroll, Kogut, Sinclair and Susskind [8] found that the lowest-mass ("vector") state has mass
while the ratio of the next-lowest ("scalar") mass to the vector mass was
where γ ≃ 0.5772... is Euler's constant. These results have been extended to second order by Vary, Fields and Pirner [9] and by Adam [10] 
Adam [10] also found
differing from the result of Carroll et al. [8] by a factor of 2 7 = 128. In the large-mass or non-relativistic limit, the "positronium" bound states are described by a Schrödinger equation with linear potential [11] ,
where the non-relativistic energy is
Eq. (12) may be solved in terms of Airy functions, to give the energies of the lowest vector and scalar states as [11] 
as m/g → ∞
B. Lattice Formulation
The model can now be formulated on a "staggered" spatial lattice [7] . Let the lattice spacing be a, and label the sites with an integer n. Define a single-component fermion field φ(n) at each site n, obeying anti-commutation relations:
The gauge field is defined on the links (n, n + 1) connecting each pair of sites, by
Then the lattice Hamiltonian equivalent to Eq. (4) is
where the number of lattice sites N is even, and the correspondence between lattice and continuum fields is
("upper" and "lower" being the two components of the continuum spinor), and
The gamma matrices are represented by
As usual, we have chosen a "compact" formulation where the gauge field becomes an angular variable on the lattice, and L(n) is the conjugate 'spin' variable
so that L(n) has integer eigenvalues L(n) = 0, ±1, ±2, · · ·. As noted by Banks et al. [7] , this quantization of electric field (or flux) in one dimension also occurs in the continuum Schwinger model, due to Gauss' law. If one takes the naive continuum limit a → 0, the lattice Hamiltonian (17) reduces to the continuum Hamiltonian (4), as it should. Now define the dimensionless operator
For x ≪ 1 one can employ strong-coupling perturbation theory on this model, treating W 0 as the unperturbed Hamiltonian and V as the perturbation, as discussed by Banks et al. [7] . In the strong-coupling limit, the unperturbed ground state |0 is the eigenstate with
whose energy will be normalized to zero, corresponding to a "filled Dirac sea". Banks et al. [7] have discussed how to use Rayleigh-Schrödinger perturbation theory to generate perturbation series in x for the ground state and excited state eigenvalues of this system, and the discussion will not be repeated here. We have used more sophisticated linked-cluster techniques [6] to generate high-order perturbation series for these eigenvalues, as presented below. The lattice version of Gauss' law is then taken as
which means excitations on odd and even sites create ∓1 units of flux, corresponding to 'electron' and 'positron' excitations, respectively.
C. Equivalent spin formulation
The one-component fermion operators can be replaced by Pauli spin operators at each site if we employ a Jordan-Wigner transformation [7] ,
The strong-coupling ground-state then corresponds to
Next, the gauge field can be eliminated using Gauss' law:
and a residual gauge transformation:
provided that we assume free boundaries
[If periodic boundary conditions are assumed, then there is one extra independent gauge degree of freedom left over, corresponding to the "background" electric field [4] ]. The resulting Hamiltonian is then
All trace of the gauge field has now disappeared, but instead there is a non-local, long-range interaction between the spins in the last term of equation (37), which of course corresponds to the long-range Coulomb interaction between charges in the original theory. In the continuum limit a → 0, x → ∞, the interaction V dominates the Hamiltonian so that in leading order the system becomes equivalent to a simple XY model with ground-state energy per site
The energy gap to the lowest excited state in the sector of "vector" states will correspond to the vector mass, so we expect
and similarly in the scalar or ground-state sector, the minimum energy gap
Our aim in this paper is to find estimates of these masses M 1 and M 2 . The equivalent spin model has a total of only 2 N possible configurations, and lends itself readily to finite-lattice techniques of analysis. As a check on the series results, we have used the Lanczos algorithm to obtain exact results for the low-lying eigenvalues of this system at finite x on lattices of up to N = 22 sites. The ground-state energy ω 0 is easily obtained as the lowest eigenvalue in the sector containing the unperturbed ground-state |0 ; and the first excited state energy ω 1 is likewise the lowest eigenvalue in the "vector" state sector, corresponding in the strong-coupling limit to the state [7] 
The second excited-state energy ω 2 is the lowest of a "band" of excited states in the vacuum sector, corresponding in the strong-coupling limit to the state
III. RESULTS AND ANALYSIS

A. Finite-lattice results
Exact eigenvalues have been calculated for the equivalent spin Hamiltonian (36) using the Lanczos technique for various values of m/g and coupling x, on even lattices from N = 4 up to N = 22 sites. No symmetrization of states was employed: since free boundary conditions were chosen, the system does not exhibit translational invariance in any case. The calculations are carried out in the sector i σ 3 (i) = 0 which has N!/[(N/2)!] 2 states, and the ground-state energy ω 0 and the "vector" excited-state energy ω 1 are the lowest and the second lowest eigenvalues in this sector, respectively. The "scalar" excited-state energy ω 2 is slightly more tricky to obtain because there are several other states, corresponding to the momentum excitations of the "vector" excited state, in this sector giving lower energy than the "scalar" excited state. We have got over this problem by moving in stages from the strong-coupling limit x = 0 to the desired coupling value, and "tagging" the desired state as that which has maximum overlap with its predecessor at each stage, starting from the state |2 in (43).
To make comparison with series data, it is first necessary to extrapolate the finite-lattice data to the bulk limit N → ∞. The convergence of the finite-lattice sequences was slow. Tests showed that the convergence was polynomial in 1/N: thus for the ground-state energy
where ǫ 0 (∞) is the bulk energy per site and b 0 is the surface energy term; while for the energy gaps
This is opposed to the exponential convergence ∼ exp(−cN) one normally expects for periodic boundary conditions. There is a simple explanation for this behaviour 1 : on the lattice with free boundaries, the excitations have finite momentum O(π/N), and thus their energies include a kinetic energy correction term O((π/N) 2 ). As one approaches x → ∞, which is a critical point of the lattice model, the finite-lattice corrections become relatively much larger, and extrapolation to the bulk limit becomes progressively more difficult. An example is shown in Figure 1 for x = 4, m/g = 0.
Various sequence extrapolation algorithms [18] [19] [20] were tried for estimating the bulk limit, such as the alternating VBS algorithm, and the Lubkin and Bulirsch-Stoer algorithms, but the most reliable and accurate method in this case seemed to be a simple least squares polynomial fit in 1/N, with fictitious errors assigned to the data points. Consistency between the estimates at different orders allows a crude estimate of the likely error in the final result. This was the technique used to obtain the estimates used in the rest of this paper.
B. Series expansions
Strong-coupling perturbation series have been calculated for the ground-state energy ω 0 , and the energy gaps (ω 1 − ω 0 ) and (ω 2 − ω 0 ), as functions of the coupling x and mass parameter µ. The full series up to order x 10 are presented in the Appendix. These series can be analyzed in three different regimes, as follows:
For small m/g, the eigenvalues can be expanded as series in the mass parameter µ, e.g. for the vector gap
The series have been calculated for f i (x) (i = 0, 1, · · · , 6) up to order x 28 for the vector excited state and order x 26 for the scalar excited state. Coefficients for the series f i (x) (i = 0, 1, 2, 3) are listed in Table I . The expected behaviour in the continuum limit for these series is
which would lead to a continuum energy gap
These series must now be extrapolated from the strong-coupling limit x = 0 to the continuum limit x → ∞. We have employed the standard techniques of integrated differential approximants and naive Padé approximants [20] for this purpose, combined with a "matching" technique. Some examples are shown in Figs. 2, 3 and 4. Figure 2 shows the ground-state energy per site for m/g = 0 as a function of y = 1/ √ x (which is the natural variable to use at weak couplings, as shown by equation (47) and by previous weak-coupling analyses [11, 21] ). It can be seen that the approximants converge down to about y ≃ 0.5, and are in excellent agreement with the finite-lattice estimates. These can easily be extrapolated to the continuum limit x = 0, where
according to equation (39). A more interesting example is seen in Figure 3 , which shows the vector energy gap as a function of y. There it can be seen that the series approximants converge down to about y ≃ 0.7, and then begin to spray outwards; however, the established behaviour is quite smooth as a function of y, and a polynomial fit in powers of y to the series data over the range 0.7-1.1 gives a "matching" weak-coupling series fit which extrapolates to a value
which compares well with the expected exact value of 0.5642, from equations (8) and (40). It can also be seen that the finite-lattice estimates converge well down to y ≃ 0.2, confirming that the extrapolation to weak coupling is valid. A fit to the finite-lattice data gives an even more accurate estimate of the continuum limit Figure 4 is a similar plot for the energy of the scalar excited state. Here it can be seen that the series approximants converge down to y ≃ 1, where the function develops a pronounced peak or bump. It is not really possible to tell from the diverging series approximants whether the function increases, decreases or remains flat below that point, but the finite-lattice data show that it decreases gently towards the exact continuum value 1.128. A fit to the finite-lattice data over 0.2-0.8 in y gives
in quite reasonable agreement with the exact value; but the best one could do with the series data would be to estimate a qualitative value,
In a similar fashion, estimates have been obtained for the coefficients a 0 , a 1 , a 2 , a 3 , in equation (48) for the vector and scalar masses, extracted from both the series data and the finite-lattice data. These are summarized in Table II , along with the exact results (where known). It can be seen that the numerical estimates are in good agreement with the exact results for the vector state, and so the estimate for a 3 should also be fairly reliable. For the scalar state, there is more structure at small y, as seen in Figure 4 , and although the estimates for a 0 and a 1 agree quite well with the exact results, those for a 2 and a 3 are virtually worthless.
Finite m/g
At fixed, finite m/g, the series have been calculated up to order x 30 for the ground-state energy ω 0 , and order x 53/2 for the energy gaps (ω 1 − ω 0 ) and (ω 2 − ω 0 ) -these series are available on request. The analysis follows very similar lines to those described above. The major difference is that for m/g = 0, the strong-coupling series expansions are in powers of x 1/2 , rather than x 2 . The series are therefore longer, but the convergence is not very different to that at m/g = 0.
At large m/g the series coefficients begin to grow very rapidly, like (m/g) n at large orders n, and it becomes more difficult to maintain good accuracy down to small values of y. Figures 5 and 6 illustrate the behaviour of the energy gap at large m/g. It can be seen that any structure has moved to smaller values of y, and is somewhat less pronounced than at m/g = 0.
Our estimates of the energies E i /g are shown in Table III and Figure 7 , along with earlier finite-lattice estimates of Crewther and Hamer [13] , and the light-cone estimates of Eller et al. [15] and Mo and Perry [16] . It can be seen that all the estimates agree with each other, within errors, except that the results of Eller et al. [15] run a little too high at small m/g. For the vector state, the data match on beautifully to the asymptotic expansions at both ends. For the scalar state, the data indicate a peak in the energy at about m/g ≃ 0.5.
Comparing the different estimates, it is noticeable that our current finite-lattice estimates are in fact less accurate than the old estimates of Crewther and Hamer [13] or the even more accurate results of Irving and Thomas [14] , although there is good consistency between them. This is because of the large finite-size corrections associated with the free boundary conditions. More importantly, the series estimates are seen to be in good agreement with the current finite-lattice estimates, and for the vector state they are generally almost as accurate (approximately 10%), although for the scalar state they are worse (approximately 15-20%). The results of Mo and Perry [16] seem very reliable and accurate, but unfortunately there is no assessment of the likely errors in their results.
Non-relativistic limit, m/g → ∞
At large m/g, a natural re-arrangement of the series for the energy gaps was suggested by Hamer [11] . Instead of variables µ and x, one can re-arrange the series in terms of variables 1/µ and u, where
Then one finds the series can easily be expanded in powers of the inverse mass parameter 1/µ, e.g. for the vector gap
The continuum limit can then be approached by first letting m/g (or µ) → ∞ in such a way that mg 2 (or u) remains finite, and then letting a → 0, or u → ∞. If we assume that each separate term on the right-hand side of (55) gives a finite contribution to the continuum energy gap in this limit, then we require an asymptotic behaviour for thef l (u) given bỹ
The leading term O((g/m) 1/3 ) has the correct behaviour as predicted by (14) . The series have been calculated forf l (l = 0, 1, · · · , 6) up to order u 14 for the vector excited state and order u 13 for the scalar excited state. Coefficients for the seriesf l (u) (l = 0, 1, 2, 3) are listed in Table IV for the two energy gaps. The first five coefficients of f 0 (u) can be obtained from the results of Carroll et al. [8] and were listed previously by Hamer [11] . The series forf 0 (u) is identical with that obtained from a lattice version of the non-relativistic Schrödinger equation (12) , as shown by Kenway and Hamer [21] , which confirms that we should obtain at least the leading term in the non-relativistic limit correctly by this procedure.
The series forf l (u) must now be extrapolated from the strong-coupling limit u = 0 to the continuum limit u → ∞. The same techniques were employed for this purpose as for the previous series in x. The only question is what to take as a weak-coupling variable. No detailed weak-coupling analysis has been done in the non-relativistic limit; but empirical tests onf 0 (u), making comparison with the exact results, appear to show that the best extrapolations are obtained using z = 1/u as weak-coupling variable. The results are shown in Figures 8 and 9 .
For the vector state, it can be seen that the integrated differential approximants converge down to z ≃ 0.2, and the function behaves very smoothly in z, so that a very accurate extrapolation to the continuum limit is possible, giving
which compares well with the expected exact value of 1.617(= 2 4/3 × 0.642). Note that the series results allow a more accurate estimate for this quantity than the finite-lattice data do.
The results for the scalar state are shown in Figure 9 , where it can be seen that the series approximants converge only down to z ≃ 0.7, but the function is again quite smooth in z, so that a fairly reliable extrapolation may be made to the continuum limit, as confirmed by the finite lattice data. The resulting estimate is 
to be compared with the exact value of 3.71(= 2 4/3 × 1.473). As soon as one tries to go beyond the leading order, however, some major problems arise. An example is shown in Figure 10 , which showsf 1 (u)/u 2/3 for the vector state. It can be seen that the series approximants and the finite-lattice estimates agree very well down to very small values of z, and indicate a divergent behaviour for this quantity. A Dlog Padé analysis of the series indicates thatf 1 (u) behaves asymptotically more like u than u 2/3 . Similar results are obtained for all the {f l (u), l > 0}, for both the vector and scalar states.
It therefore appears that the assumption (56) is incorrect, and that the terms in equation (55) cannot be analyzed separately (beyond the leading order, at least). It is very likely that the limiting behaviour of the energy gaps is non-uniform, and that by letting first m/g → ∞, and then a → 0, we have taken the limits in the wrong order. This gives an incorrect result for the ground-state energy, for instance. It follows that the expansion (57) is also incorrect; and in fact one would probably expect higher-order corrections to involve integer powers of (g/m), rather than (g/m)
4/3 . It is an interesting puzzle how to obtain useful estimates of the higher-order corrections from the series data in these circumstances. At this stage, we have no answer to the puzzle.
IV. CONCLUSIONS
It has been shown that strong-coupling series expansions can deliver quite detailed and accurate information about the mass spectrum of the Schwinger model. Using integrated differential approximants or other methods, the series can be continued or extrapolated well into the weak-coupling regime, and then matched onto a weak-coupling form, which allows reasonably accurate estimates of the continuum limit. This has been confirmed by comparison with both finite-lattice data and exact results. At fixed, finite fermion mass the estimates for the lowest, vector excited state energy were accurate to about 10 percent. For the next lowest, scalar excited state, the eigenvalue shows more structure at weak coupling, particularly for small m/g, and the continuum estimates are more qualitative, at about the 15-20 percent level.
Estimates can also be obtained for the expansion coefficients of the continuum energy eigenvalues in powers of (m/g) about the zero-mass limit, m/g → 0. These numerical estimates agree with the exact results of Carroll et al. [8] , Vary et al. [9] and Adam [10] , and extend them by one order. The series results for these coefficients have an accuracy equal to or better than that of the finite-lattice results.
A complementary expansion was attempted about the non-relativistic limit, m/g → ∞. Series estimates for the leading-order term of the non-relativistic energy were extremely accurate in this limit, with an accuracy of 0.2% for the vector state, but problems arose for the higher-order corrections. There appears to be a non-uniform limiting behaviour in this case, and the natural structure of the strong-coupling series does not predict the correct limiting behaviour. We have not resolved the puzzle of how to analyze the series in this situation. It would be very interesting to compare the series data with more detailed analytic calculations in the non-relativistic limit -we hope to address this problem in the future.
Finite-lattice techniques can also give accurate information about this model, as previously demonstrated by Crewther and Hamer [13] and Irving and Thomas [14] . Exact finite-lattice eigenvalues have been calculated for the equivalent spin Hamiltonian on lattices of up to N = 22 sites, and then extrapolated to the bulk limit by polynomial fits in 1/N. Fitting these estimates to a weak-coupling form, estimates of the continuum limit can be obtained which are accurate to about 5-10 percent for both the vector and scalar states. This is actually worse than the accuracy of the old finite-lattice data of Crewther and Hamer [13] .
The factor which hindered the finite-lattice calculations from giving even more accurate estimates was the large size of the finite-lattice corrections, O(1/N 2 ), which were associated with the free boundary conditions. In retrospect, it might be better to choose periodic boundary conditions. This carries the penalty that the gauge field cannot be entirely eliminated, and one is left with one extra gauge degree of freedom corresponding to Coleman's background electric field or flux, which would have to be truncated in some fashion. The advantage would be that the finite-lattice corrections should be much smaller, and the finitelattice sequence should converge more rapidly. With today's computers, one could probably expect to obtain virtually exact eigenvalues on lattices up to some 20 sites, and thus obtain a substantial improvement on previous finite-lattice calculations [13, 14] .
In higher dimensions, the finite-lattice approach is hardly feasible, because of the huge proliferation of basis states with lattice size. Monte Carlo techniques are the only other option in this direction, and their power is still rather limited for models with dynamical fermions. It remains to be seen whether modern series expansion techniques can deliver useful information for these more complicated models.
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APPENDIX:
The full strong coupling series up to order x 10 are
(1 + 2 µ) 
TABLES
